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ON SOME SUBALGEBRAS OF B(c;) AND B(/;)

F. P. CASS AND J. X. GAO

ABSTRACT. For a non-reflexive Banach space X and w € X** , two families of
subalgebras of B(X), I'y = {T € B(X) | T**w = kw for some k € C}, and
Qu={T € BX)| T**w € w& X} for w € X**\ X with Q, = B(X) for
w € X , were defined originally by Wilansky. We consider X = ¢y and X =/,
and investigate relationships between the subalgebras for different w € X** ‘We
prove in the case of ¢y that, for w € X**\ X, all T, ’s are isomorphic
and all Q. ’s are isomorphic. For X = /,, where it is known that not all
I'y ’s are isomorphic and not all Q,, ’s are isomorphic, we show, surprisingly,
that subalgebras associated with a Dirac measure on SN\ N, regarded as a
functional on [}, are isomorphic to those associated with some Banach limit
(i.e., a translation invariant extended limit). We also obtain a representation
for the operators in the subalgebras {{\I's | f is a Banach limit} and {Q |
f is a Banach limit} of B(/}).

1. INTRODUCTION

Let X be a non-reflexive Banach space over C and denote by B(X) the
Banach algebra of all bounded linear operators from X to itself. For x € X,
X is the image of x under the natural embedding of X into X**. For w €
X** let (w) denote the one dimensional subspace of X** generated by w .
Following Wilansky [9], but using different notation, we define

Iy ={T € BX)| T"w € (w)}, forw e X**,
Q,={TeBX)|T*wewa X}, forweX*\X.

Here the deﬁnitioq of Q, can be extended to w € X by setting Q, = B(X).
For w € X**\ X, we define p = p, : Q, — C by the equation

T*w = pu(T)w+%, T€Qy.

It is clear that for T €Iy, , T**(w) = pu(T)w .
Wilansky [9] proved the following properties of these algebras:

Theorem A. For w € X™, Iy is a closed subalgebra of B(X). For w €
X\ X, Q is a closed subalgebra of B(X) and p, is a nonzero continuous
scalar homomorphism on Q. .
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We shall use the following non-reflexive Banach spaces of sequences of com-
plex numbers.

co =4 {xa iz | im e =0, [{xe I = [{xxHloo = sup xx| ¢,
k—o0 k

¢ = {xe}eZy | Jim x, exists, [[{xc Hl = [{xiHloo ¢
k—o0

= {{xk}z';l e = o = 3 bl < oo},

k
loo = {{Xk}i’"zn [ H{xH = H{xHloo < oo}-

For a sequence x = {x;}, we define P,x = x, forall n.

We shall denote by e the sequence all of whose terms are 1. For a set E of
non-negative integers, we write x(E) for the sequence {x;} such that x; =1
for Kk € E and x; = 0 otherwise. We write, for any fixed n = 1,2, ...,
€n = X({n}) .

The continuous linear functional lim on ¢ is defined by lim x = limy_, X .
By the Hahn-Banach theorem, lim can be extended to /., while preserving the
norm 1. We call such an extension an extended limit.

We list the following theorem here for ease of reference. It gives us some
general properties of the subalgebras I',, and Q,, . The proof of it can be found
in Brown, Cass and Robinson [2].

Theorem B. Let X be a non-reflexive Banach space, and let w, , w, € X**,
(1) If wy = pw, for some u# 0, then Ty, =Ty, . If (w))+X = (wp)+ X,
then Q,, =Q,,.
(2) If wi #0 for i = 1,2, and w, ¢ (w,), then Ty, \T'y, # @ and

Ty, \Tw, #9.
(3) If wy #0, then Ty, # Qy, .

Corollary. Ty, = I'y, if and only if there is a number p # 0 such that w, =
HWw; .

The question of whether w; @ X = w, ® X when Q,, = Q,, is not yet
resolved in general. Brown and Cho [3] investigated these algebras when X =c¢
and gave a positive answer as follows. The natural embedding used is:

c—oc* =1y, x={x}r{limx,x,x,...}.
Theorem C. Let w € I, \ ¢, then Q, =Q,, ifandonly if ze (w® )\ ¢.

We shall use the following lemma to investigate isomorphisms between the
two families of subalgebras I';, and Q, .

Lemma D. Suppose X is a non-reflexive Banach space and z,w € X**. If
there is an invertible T € B(X) such that T**z = aw for some a € C, then
I'. =T, . If in addition, z,w ¢ X, then Q,=Q, .

Lemma D can be proved simply by using the mapping
(1) U—TUT™! for U € B(X).
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Remark. 1t was shown in Theorem 9 of [2], Theorem 1 of [5] and Theorem 1 of
[6] that all isomorphisms between I'y, ’s or between ,, ’s are necessarily given
in the form of (1).

Brown and Cho [3], in their study of B(c), proved the following theorem:

Theorem E. Let w € [, \ ¢, then there exists an automorphism T in B(c) such
that T**w =e, € lx \ . Hence for w, z €l \¢é, Ty 2T, and Q, = Q,.

2. SUBALGEBRAS OF B(cp)
We now establish a result similar to Theorem E for B(c).
Lemma 1. Let w € Il \ ¢y, then there is an invertible T € B(cy) such that
T**w is a sequence of zeros and ones.

Proof. Suppose w = {w;, Wz, ...} € I \ o, and let limsup,_, . |wy| =6 >
0. Let {wy} be a subsequence of w such that |w,| > d/2 for all k and
limy_, o, |wp, | = . Write np =0 and let Wy be the first term w, having the
largest absolute value among {w,, ,+1, Wn,_ 42, -+ > Wn, } -

Let T} = (aﬁf)) be an (n; —ny_y) X (ng — ng_) matrix with a,(f) defined as:

l/wn,’( f0ri=j=n;(—nk_l;
a® = —Wn_\4i/Way fOr j=m —me_y, i #
! for i=j#n,—m;
0 otherwise.

In matrix form we have

{1 0 _wnk_|+l/wn,’( O\
01 —w,,k_l+2/w,,;‘ s 0
Ty = 0 0 l/w,,;( 0
\O 0 _w"k/wn,’( 1}
and
10 Wo_p1 O
0 1 -+ Wy 42 - O
IR I : el
Ti'=10 o ... Wy 0 0
o0 --. W, R |

Note that ||T||eo < max{2, 2/6} and [|T oo < 1 +|w]leo for k=1,2,....
Let
n 0 O
0 7 0
T=190 o0 15 - |>
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then T € B(cy) and is invertible, with 7**w being a sequence of zeros and
ones. 0O
Theorem 1. Let w € I\ Co. Then

(a) there is an invertible S € B(cy) such that S**w = e,

(b) for z€l\éo, Ty =T, and Q, =Q,.

Proof. (a) By Lemma 1, we can assume that w is a sequence of zeros and ones
with infinitely many ones, say w = yx ({nx}). Let

1 0 .- 1
01 --- 1
Se=1|{. . .
00 --- 1

which is of order (ny — ni_;) x (nx — ni_y) with ng = 0. We see that S is
invertible, ||Skllo <2 and [|S; 'l < 2. Now

S 0 0
0 S, 0
S=10 0 S

is the matrix needed to map w onto e.
(b) This follows directly from (1) and Lemma D. O

Remark. By definition, T € B(co) is in Q, if and only if T**e = pe + X, for
some p € C and Xo € co. This is equivalent to saying that for all x € ¢,
T**x = p(limx)e + x} for some x5 € ¢g, ie., imT**x = plimx with p
independent of x € ¢. Thus we observe that if we consider operators in B(cp)
as matrices, then Q, is exactly the collection of all multiplicative conservative
matrices as defined in [4]. Hence Theorem 1 shows that for each w € I \ ¢o,
Q,, is isomorphic to the algebra of all multiplicative conservative matrices. This
is an algebra that has been much studied in summability theory.
The following result for ¢ is similar to Theorem C.

Theorem 2. Let w = {w,} and z ={z,} € lw.

(@) If z ¢ & and w ¢ z®¢o, then neither Q,, nor Q. contains the other.

(b) Q,=Q, ifand only if (w)+ & =(z)+ 0.
Proof. (a) We first show that we can always find two disjoint increasing se-
quences {n};} and {n]} of natural numbers, such that all of w’ = limy wy, ,
w” = limy Wy z' = limy Zn! and z” = limy Zy exist but w'z" # w"z'.
Because z ¢ (o, we can find {n,} such that z’ = lim; Zn # 0. By picking a
subsequence of {n;} if necessary, we can assume that {w, } also converges,
say to w’. Because w — (w'/z')z ¢ &, there exists {n;}, disjoint with {n;},
such that w,. — (w'/z')zy — r # 0. A subsequence {n}} of {n;} on which
both w and z converge is all we need.

Now define T € B(cp) by

(w" —w’)x,,;/ +w”x,,; forn=n,k=1,2,...,
w'' x, for all other n,
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where x = {x,} € ¢co. Now P, (T**z —w"z) = 0 for each k. Keeping in
mind that z’ # 0, we have Py (T z - pz) 4 0 for any p # w”. But

Pn;('(T**Z _ wllz) — (wll _ wl)anl" + 'U.)//an" _ wllzn,'(’ — ’LU”ZI _ w/Z/l 7& 0

as k > oo. Hence T ¢ Q.. Also T**w — w"w € ¢ . Consequently T € Q,,
and thus T € Q, \ Q,.

As the conditions are in fact symmetric on z and w, we can similarly
construct an operator in Q; \ Q, . Thus neither Q, nor Q, contains the
other.

(b) The “if” part, i.e., to show that Q, = Q,, when (w)+ & = (z) + &, was
done in (1) of Theorem B.

To show the “only if” part, in light of (a), we only have to consider the case
that exactly one of w and z isin &, say z € ¢. By definition Q, = B(c).
So we only have to find an operator in B(cy) which is not in ,, . Suppose a
subsequence {w,,} of w satisfies limy w, = J # 0, then the diagonal matrix
D = diag{d,} ¢ Q. if we define d,, =1 and all other d, =0. O

3. SUBALGEBRAS OF B(/))

Let N be the set of all positive integers and BN the Stone-Cech compacti-
fication of N. Each x € [/, as a bounded continuous function on N, can be
extended to a unique continuous function on BN, which we still write as x.
In this way /., becomes isometric in a natural way to C(SN). Following [7],
we identify points of SN with ultrafilters on N. If £ C N and p € 8N, then
E ep ifandonlyif p € E. Here E stands for the closure of E in SN. By the
Riesz Representation Theorem (see, e.g., [8, p. 130]), each f € [ corresponds
to a unique regular Borel measure u, on BN such that ||f]| = ||us]| and

f(x)=/ xduy for x € l.
BN

We write M(SN) for the space of all regular Borel measures on gN.

Let p € BN\ N. We use the notation Q, and I', respectively for the
subalgebras ;, and [s,, where J, is the Dirac measure at p. Cass showed
in [5] that if p and ¢ are different, then Q, # Q,.

The following theorem combines Theorem 10 in [2] and Theorem 2 in [5].
Theorem F. There exist pairs of points p and q in SN\N such that T, 2T,
and Q, % Q,.

For x = {x;}%2, € I, the translation of x is defined by Tx = {x,11}2,.
A linear functional f on /. is called a Banach limit if it satisfies:

(i) f(x)=limx forall x = {x,} €c;
(i) Ifll=1;

(iii) f 1is translation invariant, i.e., f(x) = f(Tx) for all x € [, .

Thus a Banach limit is an extended limit which is translation invariant. The set
of all Banach limits is denoted by BL.

The properties (i) and (ii) above imply:

(iv) If x = {xn} € I Wwith x, > 0, then f(x) > 0. Henceif x = {x,} € I«

and x, € R for all n, then liminf, x, < f(x) < limsup, x, .

The following lemma is given in Bennett and Kalton [1, Lemma 1].
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Lemma G. Suppose f is a continuous linear functional on l,. Then f is a
Banach limit if and only if the following three properties are all satisfied:

@ If=1;
(i) f(e)=1;
(ii1) f(x)=0 forall x € bs.

Here bs is the space of series with bounded partial sums.

Remark. Unlike the Dirac measures, the measures on SN associated with Ba-
nach limits have no atoms. Indeed, consider any such measure u and any
pepPN.ForneN,Let E; ,={keN| k=i mod(n)} where 0<i<n—1.
Then p € E; , for some i and u({p}) < u(E; ») = 1/n. Hence u({p})=0.
The arguments given in [2] and [5] to establish Theorem F rely on cardinality
considerations which amount to showing that there are too few isomorphisms
available for all the algebras I', or £, to be isomorphic. In view of the above
remark, we thought that it might be that whenever p € fN\N and f is a Banach
limit, then I', could not be isomorphic to I'y nor could €, be isomorphic to
Q. While these algebras are different as shown by Theorem 3, we found,
surprisingly, that they can be isomorphic as the Corollary to Theorem 4 shows.

Theorem 3.

(2) (WTs:feBLY\|J{Q,:p e BN\N} # 2,

and

(3) (WL, :p € BN\NI\J{Qs: feBL} # 2.

Proof. Define A = (an;) € B(/;) (the unilateral shift operator) by a,.) » =1
for n=1,2,... and a,; = 0 otherwise. T = A* is the translation operator

on /., as used in the definition of Banach limit. For every Banach limit f,
A*f=f,s0 AeTy.

On the other hand, if p € SN\ N, then 4 ¢ ,. Indeed, assume the
converse, and suppose A**6, = pd, + y, where y = {yx} € /;. Then for
x = {x;} € I, we have

/ Txdd, = (4"38,)(x) = p/ xdd+ > yixk.
BN BN k=1

By putting x = ¢; we see y; = 0. Now for E = {2n}2,, p is eitherin E or
N\ E. Suppose without loss of generality that p € E. Putting x = y(N\ E)
vields: 1 =[5, Txdd, = p [pyxddy = p-0=0, a contradiction which shows
that 4 ¢ Q,. Thus (2) holds.

For (3), define D = (d,x) € B(l;) by putting dym 2m = 1 forall m e N
and d,, = 0 otherwise (D is the “even-term picking” operator). Then for
p € BN\ N, depending on whether p € E or p € N\ E, we have either
D**$, = 6, or D**d, = 0. In both cases we have D € I',. But if there is a
p €C and z = {zx} € /; such that D**f = pf + 2 for some Banach limit f,
then with x = ¢, we see z;, = 0. Again put x = e we find p = 1/2 but if
x = x(E) we find p =1, a contradiction which shows D ¢ Q. Hence (3) is
proved. O
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Theorem 4. For each p € SN\ N, there is an invertible T € B(l,) such that
T**J, is a Banach limit.

Proof. For n > 3,let T, = (t;;) be the following n x n matrix:

I/n 1 1 1 1
I/n 1 0 0 0
I/n 0 1 0 0
I/n 0 0 1 0
l/n 0 0 0 - 1
Now sup; <, 2.1, Itijl = 2, and the inverse of T}, is:
n n n n n
Th-2 n-2 n=2 n=2 n=2
1o 1 __1 1
n-2 n-2 n-2 n-2 n—2
2 w2 Twe e —i
Tl =(inen= | 0 0 M0 TR
n=2 n—-2 n—2 n—-2 n-—2
ST T S T T
n—2 n-2 n-2 n—2 n—2
which satisfies sup,¢;¢, > i_; |sij| < 4. Now define the infinite matrices
T, 0 0 - ;9 0 0
0 T, 0 --- o 7' 0
T = 0 0 TS s and S = 0 0 TS—I

We see that both 7 and S are in B(/;), and that S =T"!.
Let .
k+1)(k+2 — .
nk=(———l2(—)—2=1+§(z+2),

and define E = {n; | k € N}. Forany p € E\ E, we claim that T**J, is a
Banach limit. To see this, we first observe that for x = {x,} € /., the ng-th
term of T*x is Py, T*x = S170 Xn1i/(k +2), and (T**8,)(x) = [5 T*x d5,
is a subsequential limit of the sequence {P, 7*x}. From this it is obvious
that [|T**8,|| < 1 and (T**8,)(e) = 1. For any x = {xn} € bs, P, T*x =
Y Xneri/(n+2) = 0 as k — 00, 50 (T**8,)(x) = 0. By Lemma G, T**5,
is a Banach limit.

For an arbitrary p € SN\ N, take an infinite subset P C N with infinite
complement in N such that p € P. Arrange the elements of P, N \ P and
N\ E respectively in increasing order p; < p, < ---, ¢q; < ¢» < --- and
my < my < ---, and define an infinite matrix U = (4,x) by Upnp, = Um,q, = 1
for i=1,2,...,and u, =0 otherwise. Then U isin B(/;) with its inverse
V = (Upk) givenby vpp, = tlgm, =1 for k=1,2,...,and v, = 0 otherwise.
Because for F C N, (U**6,)(x(F)) iseither 0 or 1, U**d, is a Dirac measure.
Clearly it is not on a point in N. For x = {x,} € o, P, U*(x) = Xx,, . Asa
result, the support of U**d, isin E \ E. Applying what we got earlier in this
proof, we know that 7**U**J, is a Banach limit. O
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Using Lemma D we get

Corollary. Suppose p € BN\N. Then there is a Banach limit f € I}* such that
Fp’é’l"f and ngﬂf‘

We used intersections of algebras associated with Banach limits in Theorem 3.
Now we investigate the intersections in further detail. We first give a property
of all measures 4 such that u(N) = 0, a condition which is satisfied by all
Banach limits.

Lemma 2. For any non-negative u in M(fN) = 1%, such that u(N) =0, there
exists a subset E of N,

(4) E=J{n,m+1,...,n+p(i)-1}
i=1
where n;.\ > n; + p(i) and lim;_, p(i) = 0o, such that u(E)=0.
Proof. Let Eg=N=J2 E; o where E; o= {i%,i2+1,...,i%+2i}. Let

o o0
E; = U E2i—l 0 and E{/ = U Ez,',o.
i=1 i=1
So Ey = E{ UE} and E|NE{ = @. Since disjoint subsets of N have disjoint
closures in SN we see that

u(Eo) = u(E7) + u(EY).
So we can choose E; to be either E| or E| so that u(Ey) < (1/2)u(Eo).
Continuing in the same way we obtain a sequence of sets {E,} where E, =
Ui Ei,ns {Ei ns1} is a subsequence of {E; ,} and u(E,) — 0 as n — .
Let -
Eii=J{ni,ni+1,...,ni+pi)-1}.
1 i=1
Clearly p(i) —» o0 as n — oc0. . .
Now for each n, E\ E, is a finite subset of N. Hence u(E) < u(Ey) so
that u(E)=0. O

(@

E =

-
Il

Let I stand for the identity operator. It was shown in Theorem 5 and The-
orem 6 of [2] that ({Ty | w € X**\ X} = (I) and N{Qy | w € X**\ X} =
(I'@ W where W stands for the set of all weakly compact operators in B(X).
Using Lemma 2, we can characterize the operators in the intersection of I'y’s
forall fe€ BL.

Theorem 5. An operator T € B(l;) isin Ty forall f € BL if and only if there
is a complex number p and a matrix Ty € B(l,), T € B(lw, aco), such that
T = pl + Ty . where acqy is the space of sequences that are almost convergent to
0. That is,

aco={x={x,} €l | f(x)=0forall feBL}.
Proof. The “if” part of the proof is straightforward. For the “only if” part, take

any T € B(/y) such that for f € BL we have (T**f)(x) = psf(x) for some
pr € C and all x € /.. Now p, is independent of f. Indeed, take any two
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Banach limits @ and 5. By Lemma 2, there is a subset E of N, given by (4)
such that (a+b)(E) = 0. Define 4 : [, — I, by Pidx = (1/p(i)) ZZ:,,”'_(')_I Xk
for x = {x;} € I . Take any extended limit « on /,, and let 2 = aA. Then,
since p(i) — oo so that Ax € ¢y when x € bs, we see that A(x) = 0 when
x € bs. Lemma G shows that # € BL. Also the support of u, is contained in
E . Now for any x € I, remembering that F = (1/2)(a + h) € BL, we have

(a+h)(T*x) = pr(a+ h)(x),
a(T"x) = paa(x),
h(T*x) = pph(x).

and hence pr(a+ h)(x) = psa(x) + pph(x) . Knowing that the supports of u;
and u; are disjoint, we see that pr = p, = p,. Similarly p, = p,. Thus
Pa=pp=p.Let To=T — pl. It is immediate that 7§ € (I, acy). O

Theorem 6. If T € (\cp, Qf, then there is a p € C and a weak-star to norm
continuous function ¢ : BL — I; such that

(5) ¢(Af+(1-A)g) =Ad(f) +(1-A)¢(g) forallA€[0,1])and f, g€ BL,

and T**f = pf+ ¢(f) forall f € BL. Moreover, $(BL) is norm compact in
I .
Proof. Suppose T € ﬂfEBL Q. Then for f € BL, there exist p, € C and
Xy ={xc} €l such that T** f = p,f + x;. We define ¢(f) = x,. It is clear
that ¢ satisfies (5). By making minor changes in the proof of Theorem 5, we
see that p, is again independent of f.

Now BL is a w*-compact convex subset of /% . Also ¢(BL) is a convex
subset of /; . For the w*-norm continuity, we pick any net {f; |4 € A} in BL
which converges to f € BL in the w*-topology. Then for any x € [,

x(6() = LUT™ = pD)(x)] = fUT™ = p)(x)] = x(6(/)) ,

S0 ¢ is w*-w continuous. As a result, ¢(BL) is weakly compact. Eberlein-
Smulian’s Theorem and Schur’s Theorem together give us the norm compactness
of ¢(BL). By a standard result in general topology, the norm and the weak
topologies on ¢(BL) are the same. Thus ¢ is w*-norm continuous. 0O
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